Sec 6.2 6.4 6.5 TWO-DIMENSIONAL AUTONOMOUS SYSTEMS
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7
A two-dimensional autonomous system is a differential equation of the form
a’ = f(x,y)
Y = g(z,y)

where f(z,y) and g(z,y) are functions in two variables (see examples below).

' =azx+by
2. , where a, b, ¢, d are constants.
Yy =cx+dy

' =2zy + 4y
3.

y = x% + 4z + 8y
4.

' = 2zy — 223
yI:.’B2+:l/2—6

Equilibrium Solution (Critical Point, or Stationary Point)
An equilibrium solution of a two-dimensional autonomous system is a constant solution of the system, i.e.
(z(t),y(t)) = (a,b) for all . Notice that (z(t),y(t)) = (a,b) is an equilibrium solution if and only if

0= 2'(t) = f(a,b) coushuct

b

4
0=y'(t) = g(a,b) Yo = (Xe, Ye)

The point (a,b) is usually called equilibrium point.

How to find equilibrium points?
We need to find the points (z,y) in the plane that satisfy simultaneously the equations

f("l"!y) =0

g(z,y) =0
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Example. Find the equilibrium solutions for the following equations

{

@

X'z y(z;('f‘{) <0

o =2zy+4y = y(lx f‘i) =0
Y =224+424+ 8y =G

y’: X4y 18y =0

——

)’=° y'zxz‘l-‘fy =d
x(x+4)=0 (-q a)
<7 x=0 4
plu.j y=e
2erizo e shee | )
=% X—= -4 ‘(‘1)'3"‘8);:0

7’ = 2xy — 2z
ii

ER €y =4
';oz-a. y'-"/

2
3= Z.X(Y-x ') °

y=22+y2-6 = O

x'z Zx(y"r“)ﬂs yl,xﬂ-y:e:o X=X, )
X0 . ylzowy620 | (9 e
y=t e (o, -4%)
Y=x" ) /;—xq"-f(x'y“'c“
F X #x?-€ =0 O
(Y*+y-~C)=0
(Ye3)(y-2)=0

y,_. -3 = xzs -3
Y=2

= Xzo FX= i‘rz
Y"-'-h"-:L
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Linearization at Equilibrium Points.

Preliminares:
From MATH 1205 we know that if the function f(z) is differentiable at the point z = a, then

f(x) =~ f(a) + f'(a)(x — a)

whenever x sufficiently close to the point a.

In MATH 2224 we extend the preceding idea. More precisely, given a function f(z,y) in two variables and
a point (a,b) in the domain of f, then

fxy) = f(a,b) + fz(a,b)(x — a) + fy(a,b)(y — b)

whenever (x,y) is sufficiently close to (a,b). Here:

e f.(a,b) is the partial derivative of f respect to the variable x at the point (a,b).

e f,(a,b) is the partial derivative of f respect to the variable y at the point (a,b).

Now, let (a,b) be an equilibrium point of the two-dimensional autonomous system
{ @’ = f(z,y)
Y =g(z,y)

{ @' = f(z,y) = fa(a,b)(x — a) + f,(a,b)(y — b)

Y = g(x,y) = gz(a,b)(z — a) + gy(a,b)(y — b)

then f(a,b) =0, g(a,b) =0 and

More precisely

{ @'(t) = fu(a,b)(z(t) — a) + fy(a,b)(y(t) — b)

Y'(t) = gz(a, b)(x(t) — a) + g,(a, b)(y(t) — b)
Setting z1(t) = z(t) — a and z2(t) = y(t) — b, we have z{(t) = 2'(t) and z5(t) = y'(¢). This yields,

{ #(t) = f(a,b)z1(t) + fy(a,b)z(t)

() =~ g:(a,b)z2(t) + g, (a, b)2(t)

{ Zi ~ fz(ai b)z‘l + fy(avb)ZZ

zh & gz(a,b)zs + gy(a,b)zs





















































































































This motivates the following definition.

DEF. Let (a,b) be an equilibrium point of the nonlinear system of the form
7 = (@)
Y =g(z,y)
Then, we say that the first order linear system
21 = fa(a,b)z1 + fy(a,b)z
zy = gz(a,b)z2 + gy(a,b)z2

is the linearized system (or linearization) at the equilibrium point (a,b).

Example: Develop the linearized-system approximation for each of the equilibrium points of the nonlinear
autonomous system

7' = 2zy + 4y =f-
y' =x?+4x+ 8y 29

Also, determine the stability characteristics of the linearized system in each case.

@ Equilbvin i (90, (4,0) (-2, %)
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§ 22xy Yy

Jwy = | 2y 2x*4 9= &+4x+ 5y

2 tY 3

Z = 2 4[| Z Z =[ &
rooE [Z]
2x4Y 3
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One ODE System I Polar ODE Polar system
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» PLOT NUMERICAL SOLUTION CURVES
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Classification of equilibrium points for nonlinear autonomous systems.

(heoreom 6 et )

Theorem Let

{ z' = f(z,y)
¥ =g(z,y)

be a nonlinear autonomous system. Suppose that (zg,7p) is an equilibrium point and let A be the matrix
that represents the linearization at the equilibrium point (zo,yo); that is,

4= |: fz(zo.y0) fy(Io-yu)
‘ 9:(Zo: %) gy(-l'o-yo)

If the matrix A is invertible, we have the following classification according to the eigenvalues of A.

e Real eigenvalues and both negative: (zq,yo) behaves like an asymptotically stable node.

Real eigenvalues and both positive: (zg,yo) behaves like an unstable node.

Real eigenvalues of opposite sign: (zg,y,) behaves like a saddle point.
e Complex eigenvalues, a + bi with a < 0: (zq, yo) behaves like an asymptotically stable focus.

e Complex eigenvalues, a &+ bi with a > 0: (zg, yy) behaves like an unstable focus.

Complex eigenvalues, a =bi with a = 0: no conclusions can be drawn about the stability properties
of the equilibrium point (zq, yo).

Ex1. Consider the nonlinear autonomous system

e A,
{ v=2"+y"-6 :g()(\’D

Perform a stability analysis at the equilibrium point (—/2,2).
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